Abstract. For a ring endomirphism α, we introduce the central α-skew Armendariz rings, which are a generalization of α-skew Armendariz rings and central Armendariz rings, and investigate their properties. For a ring R, we show that if α(e) = e for each idempotent e ∈ R, then R is a central α-skew Armendariz ring if and only if R is abelian; and eR and (1 − e)R are central α-skew Armendariz for some e 2 = e ∈ R. We prove that if α t = I R for some positive integer t, R is central α-skew Armendariz if and only if the polynomial ring R[x] is central α-skew Armendariz if and only if the Laurent polynomial ring R[x, x −1 ] is central α-skew Armendariz. Moreover, it is proven that if α(e) = e for any e 2 = e ∈ R, and R is a central α-skew Armendariz ring, then R is right p.p-ring if and only if R[x; α] is right p.p-ring.
Introduction
Throughout this article, R denotes an associative ring with identity. The center of a ring R and the set of all the units in R are denoted by C(R) and U (R) repectively. In 1997, Rege and Chhawchharia introduced the notion of an Armendariz ring. They called a ring R an Armendariz ring if whenever polynomials f (x) = a 0 + a 1 x + · · · + a n x n and g(x) = b 0 + b 1 x + · · · + b m x m ∈ R[x] satisfy f (x)g(x) = 0 then a i b j = 0 for all i and j. The name "Armendariz ring" is chosen because Armendariz [3, Lemma 1] has been shown that reduced ring (that is a ring without nonzero nilpotent) saisfies this condition. A number of properties of the Armendariz rings have been studied in [2, 3, 8, 9 , 10] So far Armendariz rings are generalized in several forms. Let α be an endomorphism of a ring R. Hong et al., (2003) [7] give a possible generalization of the Armendariz rings. A ring R is called α-Armendariz if for any f (x) = n i=0 a i x i , g(x) = m j=0 b j x j ∈ R[x; α]; f (x)g(x) = 0 implies that a i b j = 0 for all i, j. According to [6] , a ring R is called α-skew Armendariz if f (x)g(x) = 0, such that f (x) = n i=0 a i x i , g(x) = m j=0 b j x j ∈ R[x; α], implies that a i α i (b j ) = 0 for all i, j. They showed that if a ring R is α-rigid (that is, if aα(a) = 0 then a = 0 for a ∈ R), then R[x]/ x 2 isᾱ-skew Armendariz. They also showed that if α t = I R for some positive integer t, then R is α-skew Armendariz if and only if R[x] is α-skew Armendariz. Agayev et al., [1] called a ring R central Armendariz if whenever polynomials f (x) = a 0 + a 1 x + · · · + a n x n , g(x) = b 0 + b 1 x + · · · + b m x m ∈ R[x] satisfy f (x)g(x) = 0, then a i b j ∈ C(R) for all i and j. They showed that the class of central Armendariz rings lies precisely between classes of Armendariz rings and abelian rings (that is, its idempotents belong to C(R).) For a ring R, they proved that R is central Armendariz n is central Armendariz, and the converse holds if R is semiprime, where x n is the ideal generated by x n and n 2. Motivated by the above results, for an endomorphism α of a ring R, we investigate a generalization of the α-skew Armendariz rings and the central Armendariz rings.
Central α-skew Armendariz rings
In this section, the central α-skew Armendariz rings are introduced as a generalization of the α-skew Armendariz ring. 
Note that all commutative rings, α-skew Armendariz rings and the subrings of central α-skew Armendariz rings are central α-skew Armendariz. Also, since each reduced ring R is I R -skew Armendariz where I R is an identity map; each reduced ring is central I R -skew Armendariz ring.
The following examples show that the central α-skew Armendariz rings are not nescessary α-skew Armendariz. Let R i be a ring and α i an endomorphism of R i , for each i ∈ I. Then for i∈I R i and the endomorphismᾱ : Proof. Let α
The following example shows that there exists a central α-skew Armendariz ring such that α(e) = e for some e 2 = e ∈ R. Recall that every ring R is said to be abelian if every idempotent of R is central.
Proposition 2.5. Let R be a ring and α be an endomorphism with α(e) = e for any e 2 = e ∈ R. Then R is central α-skew Armendariz ring if and only if R is abelian and eR and (1 − e)R are central α-skew Armendariz for some e 2 = e ∈ R.
Proof. If R is central α-skew Armendariz, eR and (1 − e)R are central α-skew Armendariz since they are the invariant subrings of R. Now let e be an idempotent in R. Consider f (x) = e − er(1 − e)x and g(x) = (1 − e) + er(1 − e)x. Since α(e) = e we have f (x)g(x) = 0. By hypothesis er(1 − e) is central and so er(1 − e) = 0. Hence er = ere for each r ∈ R. Similarly consider p(x) = (1 − e) − (1 − e)rex and q(x) = e + (1 − e)rex in R[x; α] for all r ∈ R. Then p(x)q(x) = 0. As before (1 − e)re = 0 and ere = re for all r ∈ R. It follows that e is central element of
Since e and 1 − e are central in R, R = eR ⊕ (1 − e)R and so
Corollary 2.6. Let α be an endomorphism of a ring R with α(e) = e for any e 2 = e ∈ R, if R is α-skew Armendariz ring then R is abelian. 
Proof. Since e(1 − e) = 0 = (1 − e)e, we have (e 0 + e 1 x + · · · + e n x n )(1 − e 0 + e 1 x + · · · + e n x n ) = 0 and (1 − e 0 + e 1 x + · · · + e n x n )(e 0 + e 1 x + · · · + e n x n ) = 0. Since R is a central α-skew Armendariz ring, e 0 e i ∈ C(R) and (1 − e 0 )e i ∈ C(R) for 1 i n. Thus e i ∈ C(R) for 1 i n. Now let R is a central α-skew Armendariz ring and α(e) = e. By Proposition 2.5, it follows that R is abelian. The rest follows from Theorem 2.9 in [5] Proposition 2.9. Let R be a central α-skew Armendariz ring. Then R[x; α] is abelian if and only if α(e) = e for any e 2 = e ∈ R. * , SHERVIN SAHEBI * * AND HAMID H. S. JAVADI * * *
Proof. Suppose that R[x; α] is abelian and e 2 = e ∈ R[x; α]. Then e is central and so ex = xe = α(e)x. Thus α(e) = e. Conversely, let α(e) = e for any e 2 = e ∈ R. Since R is central α-skew Armendariz by Proposition 2.5, R is abelian. Now we suppose that e 2 = e ∈ R[x; α]. By Lemma 2.8, e is an idempotent in R.
k+m ) = ep, since R is abelian and α(e) = e. Therefore R[x; α] is abelian.
For a nonempty subset X of a ring R, we write r R (X) = {r ∈ R|xr = 0 f or any x ∈ X} which is called right annihilator of X in R. Kaplansky [1] introduced Baer rings as rings in which the right annihilator of every nonempty subset is generated by an idempotent. As a generalization of Baer rings, a ring R is called a right (resp., left) p.p-ring if the right (resp., left) annihilator of an element of R is generated (as a right (resp., left) ideal) by an idempotent of R. Proof. Suppose R is a central α-skew Armendariz and right p.p-ring. Then by
By hypothesis there exists idempotent e i ∈ R such that r(a i ) = e i R, for all i. 
Multiplying this equation from the right by e 1 , hence
continuing this process, we have a i α i (b j ) = 0 for all 0 i n and 0 j m. Hence R is α-skew Armendariz. This completes the proof.
In [1, Example 2.3] , it is shown that the hypothesis that R be right p.p-ring is essential in Theorem 2.10 for the endomorphism α = I R . 
, where the degree is as polynomials in R[x] and the degree of zero polynomial is taken to be 0. Since
Note that α t = I R , Then f (x)g(x) = f 0 (x* , SHERVIN SAHEBI * * AND HAMID H. S. JAVADI * * * f (x)g(x) = (a 00 + a 01
Since R is central α-skew Armendariz and α t = I R , so a iu α i (b iv ) = a iu α itk+ut+i (b jv ) ∈ C(R). for each 0 i m, 0 j n, and u ∈ {0, 1, . . . , ω i }, v ∈ {0, 1, . . . , ν j }.
) for every 0 i m and 0 j n. Now it is easy to see that
, and hence R[x] is central α-skew Armendariz.
Let R be a ring. For any integer n 2, consider the ring M n (R) of n×n matrices and the ring T n (R) of n × n triangular matrices over a ring R. The n × n identity matrix is denoted by I n . For n 2, let {e i,j|1 i,j n } be the set of the matrix units. Let α : R −→ R be a ring endomorphism with α(1) = 1. For any A = (a i,j ) ∈ M n (R), we denoteᾱ : (a i,j ) ) n×n , and sō α is a ring endomorphism of the ring M n (R). The rings M n (R) and T n (R) contain non-central idempotents. Therefore they are not abelian. By Proposition 2.5, these rings are not central I R -skew Armendariz.
Now we introduce a notation for some subring of T n (R) that will be centralᾱ-skew Armendariz. Given a ring R and (R, R)-bimodule M , the trivial extention of R by M is the ring T (R, M ) = R ⊕ M with the usual addition and the following multiplication:
(r 1 , m 1 )(r 2 , m 2 ) = (r 1 r 2 , r 1 m 2 + m 1 r 2 ). This is isomorphic to the ring of all matrices r m 0 r , where r ∈ R and m ∈ M and usual matrix operations are used. For an endomorphism α of a ring R and the trivial extention T (R, R) of R,ᾱ :
) is an endomorphism of T (R, R). Since T (R, 0) is isomorphic to R, we can describe the restriction ofᾱ by T (R, 0) to α. If R is an α-rigid ring (i.e., R[x; α] is reduced) by [6, Proposition 15] , T (R, R) is α-skew Armendariz and so it is centralᾱ-skew Armendariz. But T (R, R) need not to beᾱ-rigid. It can be asked that if T (R, R) is a centralᾱ-skew Armendariz ring, then R is α-rigid ring. But this is not the case. On the other hand by [6, Proposition 17] , if α is an endomorphism of a ring R and R is an α-rigid ring then S isᾱ-skew Armendariz and so it is central α-skew Armendariz.
For an ideal I of R, if α(I) ⊆ I thenᾱ : R/I −→ R/I defined byᾱ(a + I) = α(a) + I is an endomorphism of a factor ring R/I. The homomorphic image of a central α-skew Armendariz ring need not be central α-skew Armendariz. But by in [6, Proposition 9] , if for any a ∈ R, aα(a) ∈ I implies a ∈ I then the factor ring R/I isᾱ-skew Armendariz and so is centralᾱ-skew Armendariz.
Recall that a ring R is α-compatible if for each a, b ∈ R, ab = 0 if and only if aα(b) = 0. Clearly, this may only happen when the endomorphism α is injective. Note the following result.
Theorem 2.14. Let α be an endomorphism of a ring R with α(1) = 1, R be an α-compatible ring and I be an ideal of R with α(I) ⊆ I. If I is reduced as a ring and R/I is central α-skew Armendariz ring, then for f (x) = n i=0 x i and
Proof. Let a, b ∈ R. Since R is α-compatible ab = 0 implies that for any n ∈ N,
We first show that for any 
is central for all i and j. This completes the proof.
Note that in Theorem 2.14, if R is an α-rigid ring instead of α-compatible, then by [6, Proposition 8] R should be central α-skew Armendariz. The following example, shows that there exists a non-identity endomorphism α of a ring R such that R/I is centralᾱ-skew Armendariz and as a ring I is central α-skew Armendariz for any nonzero proper ideal I of R, but R is not central α-skew Armendariz . x 2 isᾱ-skew Armendariz, and so is centralᾱ-skew Armendariz. Conversely, assume that
x 2 is central α-skew Armendariz. Let r ∈ R with α(r)r = 0. Then (α(r) −xy)(r +xy) = α(r)r + (α(r)x −xα(r))y − α(1)x 2 y 2 =0
Since α(r)x =xα(r) in
x 2 ) and so α(r)xā =āα(r)x for any a ∈ R. Then α(r)a = aα(r), hence α(r)Rr = 0. Since R is prime and α is injective, r = 0. Therefore R is α-rigid.
Let α be an automorphism of a ring R. Suppose that there exists the classical right quotient ring Q(R) of R. Then for any ab −1 ∈ Q(R) where a, b ∈ R with b regular, the induced mapᾱ :
is also an automorphism. Note that R is α-rigid if and only if Q(R) isᾱ-rigid. Hence if R is α-rigid, then Q(R) isᾱ-skew Armendariz, and so is centralᾱ-skew Armendariz. Let S denote a multiplicatively closed subset of a ring R consisting of central regular elements. And let RS −1 be the localization of R at S. Proof. Let S = {1, x, x 2 , x 3 , x 4 , · · · }. Then S is a multiplicatively closed subset of R[x] consisting of central regular elements. Then the proof follows from Proposition 2.17.
